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Abstract
We construct the number operator for particles obeying infinite statistics,
defined by a generalized q-deformation of the Heisenberg algebra, and prove the
positivity of the norm of linearly independent state vectors.
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The approach to particle statistics based on deformations of the bilinear Bose
and Fermi commutation relations has attracted considerable interest during the last
few years [1, 2, 3, 4]. The particles obeying this type of statistics are called ”quons”.
The quon algebra (or the q−mutator) is given by
aia
†
j − qa
†
jai = δij, (∀i, j), (1)
and interpolates between Bose and Fermi algebras as the deformation parameter q
goes from 1 to −1 on the real axis. When supplemented by the vacuum condition
ai | 0 >= 0, (∀i), (2)
the quon algebra determines a (Fock-like) representation in a linear vector space.
For q ∈[-1,1], the squared norms of all vectors made by the limits of the polynomials
of the creation operators a†k are strictly positive. No commutation relation can be
imposed on aiaj or a
†
ia
†
j. Furthermore, no such rule is needed to calculate the
vacuum matrix elements of the polynomials in the a’s and a†’s. All such matrix
elements can be calculated by moving the annihilation operators to the right using
(1), until they, according to (2), annihilate the vacuum [5].
The aim of this paper is to construct the number operator for a generalized
q−deformation of the Heisenberg algebra which is characterized by the following
relations
aia
†
j − qija
†
jai = δij , (∀i, j), (3)
ai | 0 > = 0 (∀i), (4)
q∗ji = qij , (5)
with the deformations parameters qij being, in general, complex numbers. The
statistics based on the commutation relations (3) generalize classical Bose and Fermi
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statistics, which correspond to qij = 1 (∀i, j) and qij = −1 (∀i, j), respectively.
The relation (5) follows from the consistency requirement of the relation (3).
For each k, the kth number operator Nk satisfies the relations
N
†
k = Nk , Nk | 0 >= 0,
[Nk, a
†
l ] = δkla
†
l (∀l) , (6)
which is equivalent to
Nk (a
†
i1
a
†
i2
· · · a†in | 0 >) = s (a
†
i1
a
†
i2
· · ·a†in | 0 >) , (7)
where s is the index number ij , such that ij = k. The most general expression for
the number operator Nk is of the form
Nk = a
†
kak +
∞∑
n=2
∑
(in−1)
∑
pi(k,in−1)
∑
σ(k,in−1)
cpi(k,in−1),σ(k,in−1)
· a†pi(k)a
†
pi(i1)
· · · a†pi(in−1)aσ(k)aσ(i1) · · · aσ(in−1) , (8)
where in−1 ≡ (i1, . . . , in−1) is an arbitrary choice of n−1 indices, including their
repetitions, whereas pi, σ are permutations of n indices. Making use of the relation
(7), one finds that the condition satisfied by the coefficients ci1,...,in;j1,...,jn can be
written in the form of the following matrix equation
[(ci1,...,in;j1,...,jn)] × Mn(q) = Qn(q) . (9)
The matrix Mn is defined by
(Mn)i1,...,in;j1,...,jn = < 0 | ain · · · ai1a
†
j1
· · ·a†jn | 0 > . (10)
Taking into account eqs. (3), (4), (5) and (10), and using the method of matemath-
ical induction, one arrives at the closed-form expression
(Mn)pi(1,...,n);σ(1,...,n) =
n∏
r,s=1
q
P (r,s)
pi(r)σ(s), (pi(r) 6= σ(s)), (11)
2
where
P (r, s) = θ[−(r − s)((σ−1 · pi)(r)− (σ−1 · pi)(s))], (12)
and θ(x) designates the function defined by
θ(x) =


1 if x > 0 ,
0 if x ≤ 0 .
(13)
The determinant of the matrix Mn is
detMn =
n−1∏
k=1
[
∏
{i1,...,ik+1}
( 1−
∏
{iαiβ}
| qiαiβ |
2 ) ](k−1)!(n−k)! , (14)
where the set {i1, . . . , ik+1} denotes a choice of k + 1 different indices out of n such
indices,whereas {iαiβ} is any of its subsets. Unlike in the case of the matrix Mn(q),
explicitly given by eqs. (11) and (12), the closed-form expression for the matrix
Qn(q) cannot be written down. In fact, this matrix is obtained as a result of the
action of the lower-order terms a†i1 · · · a
†
is
aj1 · · · ajs, s < n, entering expression (8)
for the number operator on the eigenvector a†k1 · · · a
†
kn
| 0 >. Thus, to completely de-
termine the matrix Qn(q), knowledge of all the lower-order coefficients ci1,...,is;j1,...,js,
s = 2, 3, . . . , n− 1 is required.
As a special case of the general formula (14), we give the expression for the de-
terminant of the matrix M4, corresponding to n=4 and (k1, k2, k3, k4),≡ (k, l,m, p):
detM4 = (1− | qkl|
2)6 (1− | qkm|
2)6 (1− | qkp|
2)6 (1− | qlm|
2)6
×(1− | qlp|
2)6 (1− | qmp|
2)6
× (1− | qkl|
2 | qkm|
2 | qlm|
2)2 (1− | qkl|
2 | qkp|
2 | qlp|
2)2
× (1− | qkm|
2 | qkp|
2 | qlp|
2)2 (1− | qlm|
2 | qlp|
2 | qmp|
2)2
× (1− | qkl|
2 | qkm|
2 | qkp|
2 | qlm|
2 | qlp|
2 | qmp|
2). (15)
It is evident from eq.(14), and especially from the special case (15), that if the
deformation parameters are such that | qij |< 1 (∀i, j), the matrix Mn(q) is regular
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and positively definite. Consequently, the coefficients ci1,...,in;j1,...,jn, appearing in
expression (8) for the number operator Nk, exist and the norm of the state vector
a
†
i1
a
†
i2
· · ·a†in | 0 > is positive. That being the case, one is now allowed to rewrite
eq. (9) in the form
Cn(q) = Qn(q) × [Mn(q)]
−1 , (16)
where, for notational simplicity,
Cn(q) = [(ci1,...,in;j1,...,jn)] . (17)
Equation (16) represents the main result of this paper.
As an example, in the following we illustrate the calculation of the coefficients
ci1,i2,i3;j1,j2,j3, which amounts to finding the matrix coefficients C3(q). According to
(16), this matrix is given by
C3(q) = Q3(q) × [M3(q)]
−1 . (18)
There are four different cases to be considered.
Case 1: n=3 (k1, k2, k3) ≡ (k, k, k).
This case is trivial, since Q3(q) andM3(q) are represented by the numbers (1−square
matrices)
(Q3(q))kkk,kkk = (1− qkk)
2(1 + qkk), (19)
(M3(q))kkk,kkk = (1 + qkk)(1 + qkk + q
2
kk), (20)
so that, in view of (18),
ckkk,kkk =
(1− qkk)
2
1 + qkk + q
2
kk
. (21)
Case 2: n=3 (k1, k2, k3) ≡ (k, k, l).
In this case, Q3(q) andM3(q) are 3−square matrices, the rows and columns of which
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are indexed in the order (k,k,l), (k,l,k) and (l,k,k). The matrix M3(q) is given by
M3(q) =


1 + qkk qkl(1 + qkk) q
2
kl(1 + qkk)
qlk(1 + qkk) 1 + qkk | qkl|
2
qkl(1 + qkk)
q2lk(1 + qkk) qlk(1 + qkk) (1 + qkk)

 , (22)
with the determinant
detM3 = (1 + qkk)
2 (1− | qkl|
2)2 (1− qkk | qkl|
2) . (23)
On the basis of eqs. (22) and (23), the inverse matrix of M3(q) is found to be
[M3(q)]
−1 =
1
(1 + qkk)(1− qkk | qkl|
2)
×


1 −qkl(1 + qkk) qkkq
2
kl
−qlk(1 + qkk) (1 + qkk)(1+ | qkl|
2) −qkl(1 + qkk)
qkkq
2
lk −qlk(1 + qkk) 1

 . (24)
The matrix Q3 can be obtained using the following lower-order coefficients:
ckk,kk =
1− qkk
1 + qkk
,
ckl,kl = −
qkl
1− | qkl|
2 , clk,kl =
1
1− | qkl|
2 ,
ckl,lk =
| qkl|
2
1− | qkl|
2 , clk,kl =
−qlk
1− | qkl|
2 . (25)
The result is
Q3(q) =


0 −qkl −q
2
kl(1− qkk)
0 1 + qkk | qkl|
2 0
0 −qkkqlk −1 + qkk

 . (26)
The coefficient matrix C3(q) is now obtained by substituting eqs. (24) and (26)
into eq.(18). To see what the structure of these coefficients is like, we only give the
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elements of the first row of this matrix:
ckkl,kkl = 2qkkq
2
kl ·∆,
ckkl,klk = −qkl(1 + qkk)(1 + qkk | qkl|
2) ·∆,
ckkl,lkk =| qkl|
2(1 + qkk − qkk | qkl|
2 + qkk
2 | qkl|
2) ·∆,
(27)
with
∆ =
1
(1 + qkk)(1− qkk | qkl|
2)
. (28)
Case 3: n=3 (k1, k2, k3) ≡ (k, k, l).
In this case,the results are of the same structure as those in the preceding case, so
we do not give them here.
Case 4: n=3 (k1, k2, k3) ≡ (k, l,m).
In this case, Q3(q) andM3(q) are 6−square matrices, the rows and columns of which
are indexed by the elements of the permutation group in the order (k,l,m), (l,k,m),
(k,m,l), (l,m,k), (m,k,l) and (m,l,k). Again, the matrix Q3(q) can be obtained with
the help of the lower-order coefficients (25), and is given by
Q3(q) =


qklqkmqlm 0 0 0 0 0
−qkmqlm 0 −qkm 0 0 0
0 0 qklqkmqml 0 0 0
0 0 1 0 0 0
−qkl 0 −qklqml 0 0 0
1 0 0 0 0 0


. (29)
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On the basis of eq. (11), the matrix M3(q) is found to be
M3(q) =


1 qkl qlm qklqkm qkmqlm qklqkmqlm
qlk 1 qlkqlm qkm qlmqlkqkm qlmqkm
qml qklqml 1 qklqkmqml qkm qkmqkl
qlkqmk qmk qlkqlmqmk 1 qlmqlk qlm
qmkqml qmlqmkqkl qmk qmlqkl 1 qkl
qmkqmlqlk qmlqmk qmkqlk qml qlk 1


,
(30)
with the determinant
detM3(q) = (1− | qkl|
2)2 (1− | qkm|
2)2 (1− | qlm|
2)2
×(1− | qkl|
2 | qkm|
2 | qlm|
2). (31)
Inserting the matrices Q3(q), given by eq.(29), and the matrix M
−1
3 (q), obtainable
from eqs.(30) and (31)), into eq.(18), one finds the coefficient matrix C3(q). Here,
as in the Case 2, we only exibit the elements comprising its first row. They are
cklm,klm = (M
−1
3 )klm,mlk,
cklm,lkm = (M
−1
3 )lkm,mlk,
cklm,kml = (M
−1
3 )kml,mlk, (32)
cklm,lmk = (M
−1
3 )lmk,mlk | qkl|
2 | qkm|
2 | qlm|
2
,
cklm,mkl = (M
−1
3 )mkl,mlk | qkl|
2 | qkm|
2 | qlm|
2
,
cklm,mlk = (M
−1
3 )mlk,mlk | qkl|
2 | qkm|
2 | qlm|
2
,
where
(M−13 )klm,mlk = qklqkmqlm(1− | qkm|
2)(1− | qkl|
2 | qlm|
2),
(M−13 )lkm,mlk = − | qkl|
2
qkmqlm(1− | qkm|
2)(1− | qlm|
2),
(M−13 )kml,mlk = −qklqkm | qlm|
2(1− | qkl|
2)(1− | qkm|
2), (33)
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(M−13 )lmk,mlk = −qlm(1− | qkl|
2)(1− | qkm|
2),
(M−13 )mkl,mlk = −qkl(1− | qkm|
2)(1− | qlm|
2),
(M−13 )mlk,mlk = (1− | qkm|
2)(1− | qkl|
2 | qlm|
2),
are the relevant matrix elements of M−13 (q).
Next we derive a relation that will make it possible to rewrite expression (8),
for the number operator Nk, in a more compact and elegant form.
Making use of eqs. (11) and (25), one finds that, for the case n = 2 and
(k1, k2) ≡ (k, l), the following relation holds:
∑
pi(k,l)
∑
σ(k,l)
cpi(k,l),σ(k,l)a
†
pi(k)a
†
pi(l)aσ(k)aσ(l) = (M
−1
2 )kl,kla˜
†
kla˜kl . (34)
For the case n = 3 and (k1, k2, k3) ≡ (k, l,m), an analogous relation can be estab-
lished on the basis of the eqs. (33) i (34). It reads
∑
pi(k,l,m)
∑
σ(k,l,m)
cpi(k,l,m),σ(k,l,m)a
†
pi(k)a
†
pi(l)a
†
pi(m)aσ(k)aσ(l)aσ(m)
=
∑
pi(l,m)
∑
σ(l,m)
(M−13 )k,σ(l,m);k,pi(l,m)a˜
†
k,pi(l,m)a˜k,σ(l,m), (35)
with the notation
a˜k,l = akal − qlkalak , (36)
a˜k,l,m = a˜k,lam − qmkqmlama˜k,l . (37)
Generalizing eqs.(34) and (35) for arbitrary n, one arrives at the following relation:
∑
pi(k,in−1)
∑
σ(k,in−1)
cpi(k,in−1),σ(k,in−1) a
†
pi(k)a
†
pi(i1)
· · · a†pi(in−1)aσ(k)aσ(i1) · · · aσ(in−1)
=
∑
pi(in−1)
∑
σ(in−1)
(M−1n )k,σ(in−1);k,pi(in−1)a˜k,pi(in−1)
†a˜k,σ(in−1) , (38)
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where
a˜k,j1,...,jn−1 = a˜k,j1,...,jn−2ajn−1 − qjn−1kqjn−1j1 · · · qjn−1jn−2ajn−1a˜k,j1,...,jn−2 . (39)
Apart from the elegance of eqs. (34),(35) and (38), the expression of the num-
ber operator makes it easier to relate our results to the results of Greenberg [2],
corresponding to the qij = 0 (∀i, j) statistics.
All the results obtained above correspond to the case when the deformation
parameters satisfy the condition
| qij |< 1 (∀i, j). (40)
Before concluding, we briefly discuss the cases where we have the following
conditions, instead of (40):
| qij |> 1 (∀i, j) (41)
or
| qij |= 1 , i.e. qij = e
iΦij (∀i, j). (42)
If the case (41) is realized, the number operator exists. This is clearly seen
from eqs. (14) and (16). However, as it is evident from eq.(15), the norm of the state
vector a†i1a
†
i2
· · · a†in | 0 > is not positive, making this case physically unacceptable.
However, if qij ’s are such that the condition (42) is satisfied, even though the
matrix Mn(q) is singular, the existence of the number opearator is not excluded. In
this case, the existence of the operator Nk depends on whether or not it is possible
to impose such a q−mutator on the operator pairs ai, aj (∀i, j) that all terms higher
than a†kak cancel. This is precisely what happens for qij = ±1, corresponding to
Bose and Fermi statistics, respectively. Further investigation regarding this point
is unquestionably of interest and is the subject of another study. For the statistics
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characterized by eqs.(42), it should be pointed out that anyons (particles existing in
2+1 dimensions) can alternatively be represented as a q−deformation of an under-
lying bosonic algebra. This can be viewed as an extension of Greenberg’s approach
with q being a complex number | q |=1 [7].
To conclude, in this paper we have studied the generalized q−deformation
of the Heisenberg algebra defined by eqs. (3), (4) and (5). For the case when
deformation parameters are such that | qij |< 1(∀i, j) we have proved the existence
and presented a method to explicitly construct the number operator for particles
obeying the corresponding statistics. We have also proved the positivity of the norm
of linearly independent state vectors.
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